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Abstract Red Blood Cells (RBCs) are the main cells in human blood, with a main role in the mechanical
properties of blood as a fluid. Several methods have been improved to simulate the mechanical behavior
of RBC in micro-capillaries. Since, in microscopic scales, using discrete models is more preferred than
continuum methods, the Moving Particle Semi-Implicit method (MPS), which is a recent innovative
particle based method, can simulate micro-fluidic flows based on Navier–Stokes equations. Although, by
recent developments, the MPS method has turned into a considerable tool for modeling blood flow in
micro meter dimensions, some problems, such as a commitment to use small time step sizes, still restrict
themethod for largemodels and also for long time simulations. A newmodified semi-implicit algorithm is
developed and implemented on RBC motion through microvessels, in order to reduce calculation time by
more than a factor of twenty,while the error of position and velocity remains constant. A two-dimensional,
parallel plate, fluid flow is simulated based on the proposed method, and the effect of the calculation
time decrement is evaluated. Findings indicate a reduction of 90 percent in simulation time compared
to previous studies with the same results. This significant developed method could be applied to RBC
interaction within micro-capillaries and constricted zones in blood flow.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
Blood is a suspension of blood cells in viscous plasma
fluid. Red Blood Cells (RBCs) are the main cells in blood
suspension [1–3]. The deformation of human red blood cells
has been a topic of considerable scientific interest and real-
life significance. The human red blood cell with a biconcave
shape and an average diameter of 8 µm has a usual life span
of 120 days during which it circulates through the human
body nearly half a million times [1,3]. During the circulation
of a RBC, it undergoes elastic deformation as it passes through
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Open access under CC BY-NC-ND license.micro-capillaries, where the inner diameter of the constriction
can be about 3 micrometers. The ‘biconcave’ shape of the
red blood cell is changed into a ‘bullet’ shape during blood
flow through these capillaries. Since the RBC has a fairly
simple structure, with known membrane and fluid volume,
the phenomenon of the RBC when it is exerted by loads and
constraints is interesting. It should be mentioned that the RBC
does not contain a nucleus and, therefore, the simulation of
RBC mechanical behavior can be considered in such ways that
assist scientists in regard to further investigations about the
mechanical characteristics of other complex cells. The role of
themechanical behavior of the RBC and the deformability traits
of a RBC are observed using several experimental studies [4–7].
Blood flow rheology in micro vessels is affected considerably
by the deformability of red blood cells, which is determined by
mechanical properties of the membrane and its internal fluid.
Some diseases affect the geometry and mechanical proper-
ties of the red blood cell. Consider inherited diseases, like sickle
cell disease, which is caused by a defect in the hemoglobin
structure [3]. Due to the circulation mechanism of blood, the
shape of the red cell is altered and its deformability is adversely
changed. This can lead to a dysfunction in the oxygen delivery
system. Malaria is the most common parasitic disease of hu-
mans that claims the lives of some 2–3 million people annu-
ally [3]. The shape and structure of the cell and its mechanical
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the red blood cell. Thus, the deformability of red blood cells af-
fects its ability to pass through micro-capillaries.
Several methods were implemented to simulate the me-
chanical behavior of RBCs in micro-capillaries [8–14]. One of
the most recent methods is the Moving Particle Semi-implicit
method (MPS), which is a Lagrangian method with a semi-
implicit algorithm that guarantees the incompressibility of the
fluid. Koshizuka et al. (1996) proposed the MPS method for
simulation of free surface incompressible flows [15–18]. The
MPS method was implemented for simulation of RBC motion
through parallel plates by Tsubota et al. (2006), and several
studies have been done based on previous methods and tech-
niques proposed subsequently [19–22]. In the original MPS
method, due to small Reynolds number and diffusion number
restrictions, implementation of a small time step size would be
necessary. Some studies have applied a new approach for time
integration, and the fractional time stepmethod is employed to
overcome the noticed problem. Imai and Kondo (2010) have de-
veloped the former studieswith twomain newapproaches [22].
Firstly, evaluation of viscosity is upgraded and, secondly, the
boundary condition is assumed to be periodic. Although the
developments are really impressive and the MPS method has
turned into a practical method for simulation of RBC motion
in micro-capillaries, there are still some considerations in us-
ing large time steps and, consequently, errors in the velocity
profile. Using large time steps causes anon-negligible error in
the velocity of particles that has not been carefully considered
in previous studies. In fact, it seems necessary to use enough
small time steps in order to have a reasonable velocity profile.
Based on former studies, existing velocity calculations and time
integration methods, it is not possible to use large enough time
steps to overcome the lengthy simulation time. In this study,
a new algorithm is proposed based on the sensitivity of Lapla-
cian operators, neighboring lists and the particle weights ma-
trix to the position of particles, and as a result, the calculation
time is reduced by more than a factor of 20 while the accuracy
of the positions and velocities remains constant. Consequently,
small time step implementation is possible with fine accuracy
and short simulation time.
2. Standard MPS method
The traditionalMPSmethod is demonstrated as follows [15].
Assuming incompressible viscous flow, the motion of all
particles is determined using the Moving Particle Semi-implicit
method (MPS). In the MPS method, particle motion is modeled
on the basis of the equation of continuity and Navier–Stokes
(NS) equations with a semi-implicit time-marching algorithm,
which guarantees the incompressibility of the fluid flow. These
equations for incompressible fluids are represented as:
Dν
Dt
= − 1
ρ
∇P + υ∇2u+ f , (1)
where ν is a velocity vector, t is time, ρ is the constant density,
P is pressure, υ is dynamic viscosity and f is external force.
The external forces, such as spring forces and viscosity are
substituted into the NS equations as the external force term
and explicitly solved. The gradient vectors and Laplacian of
the scalar quantity, φi, for particle i, which appear in the NS
equations, are expressed by considering the interaction with
neighboring particles, j, as:
⟨∇φ⟩i =
d
n0

j≠i

φj − φirj − ri2

rj − ri

w
rj − ri , (2)and:∇2φi = 2dn0λj≠i

φj − φi
 
rj − ri

w
rj − ri (3)
respectively, where n0 is a particle number density fixed for in-
compressible fluids, andW is the kernel function that describes
the effect of distance on the influence of particle quantities.
Kernel function must decreases with the distance between two
particles. A simple kernel function is implemented, which is
expressed as:
w(r) =

 re
r

− 1 (r < re)
0 (r ≥ 0)
(4)
where re is the distance at which particles can affect each other
and r is the distance between two particles, i and j:
r = −→r j −−→r i . (5)
In Eq. (3), λ is a parameter bywhich the variance is equal to that
of the analytical solution:
λ =

ν
w(r)r2dν
ν
w(r)dν
. (6)
The particle number density can be computed as:
⟨n⟩i =

i≠j
w
rj − ri , (7)
and the number of particles in a unit volume is denoted by Ni
and described as:
⟨N⟩i = m ⟨n⟩i
ν
w(r)dν
. (8)
Considering that all particles have the same mass, m, the fluid
density is proportional to the particle number density, as ex-
pressed here:
⟨ρ⟩i = m ⟨N⟩i = m
⟨n⟩i
ν
w(r)dν
. (9)
Finally, viscous terms and external forces are calculated ex-
plicitly, and pressure forces are calculated implicitly through
a semi-implicit algorithm that will be explained in the next
section.
2.1. Semi-implicit algorithm
A semi-implicit algorithm is used in the MPS method
[15,16]. In fact, this algorithm is the main idea for simulation
of incompressible fluids. In each time step, the viscosity and
external force terms in the momentum conservation equation
are explicitly calculated, and particles are moved in fictitious
position and velocity as:
−→u ∗i = −→u ni +1t

ν∇2−→u ni +
−→
F ext

, (10)
−→r ∗i = −→u ni +1t−→u ∗i . (11)
Next, n∗ is computed using new particle locations. A system
of linear equations is obtained from the Poisson equation of
pressure, which is expressed as a function of density quantities
as:∇2Pn+1i = − ρdt ⟨n∗⟩i − n0n0 . (12)
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equation:
1u′ = −dt
ρ
∇Pn+1, (13)
and new particle positions and velocities are computed:
un+1 = u∗ +1u′
rn+1 = rn + un+11t. (14)
3. Proposed MPS algorithm
Since the standard MPS method calculations are time
consuming, it is necessary to optimize the process of calculation
[16]. Based on the time integration method in the original
MPS method, using small time steps is obligatory. The velocity
of particles is a function of pressure and viscosity, which
are calculated separately. This separated calculation leads to
an inevitable velocity error, which is not especially precise
near the walls. The proposed method is based on two main
ideas about the MPS method. First of all, in microscale
models, due to the diffusion number and also the effect of
RBC motion in microvessels and FSI (Fluid-Solid Interaction)
considerations, it is highly recommended to use small time
steps for calculations [22]. Using small time steps is really time-
consuming and, in some cases, it seems impossible to simulate
a huge particle model. On the other hand, some matrices
and calculations at each time step are strongly related to the
geometry of the model and the position of the particles in that
time step. For example, the Laplacian operator is a function
of particle position. Moreover, in the MPS method, a list of
neighbors is needed for each particle and the generation of
this list of neighbors at each time step takes a considerable
portion of CPU time. Therefore, it seems that it is possible to
calculate and update some of thematrices and variables at each
K (=1, 2 . . .) time step instead of every individual time step.
It is important to notice that particles are only representatives
of fluid finite masses. Just as in finite element methods, where
a fluid geometry is modeled with some fixed nodes, the MPS
method represents the fluid with particles that are no longer
fixed. Therefore, if the position of particles remains almost
constant, then, the variation of some variables is negligible,
especially variables which are strongly dependent on particle
position.
It is observed that the list of neighbors, Laplacian operator
andAmatrix (Abeing thematrix in thepressure linear equation)
are related to the position of particles significantly. Considering
that the suitable implemented time steps in viscous micro-
media are very small, the movement of particles at each time
step is minuscule in comparison with tube length. Therefore,
it would be possible to update these matrices and variables
at every K time step, where the movement of particles is
noticeable.
In order to implement the proposed algorithm, it is required
to express viscosity calculations by the Laplacian operator as a
matrix operator. So, the viscosity calculation is separated as:
−→u ∗i = −→u ni +1t

υ∇2−→u ni

. (15)
Next, thematrix form of the viscosity calculation is obtained as:
u∗ = un + υ1t ×∇2un = I + υ1t ×∇2 un, (16)
where I is a unit matrix. So, the viscosity calculation is a matrix
multiplied by the velocity matrix of the particles.u∗ = I + υ1t ×∇2 un = VMun. (17)
VM is a matrix that changes, with respect to the motion of
particles. Eq. (12) is a matrix equation similarly:
AP = b, (18)
where matrix b is a function of particle neighbor densities and
A is a matrix that stands for the Laplacian operator. Matrix A is a
function of particle position and it changes with respect to the
displacement of particles consequently.
The modified semi-implicit algorithm would be as follows:
1. Update the neighboring list and VM matrix at each K time
step;
2. Calculate fictitious velocities and positions;
3. Provide inflow and outflow conditions;
4. Update the A matrix at each K time step and the weight
matrix of particles;
5. Calculate the pressure of particles;
6. Find new particle positions and velocities.
With this algorithm, the speed of processing could becomeup to
25 times faster than in the classic MPS method. Although some
previous studies have been done in this way, the processing
duration was not satisfactory [8]. In fact, this is the first time
that the weight matrix and Laplacian matrices are considered
in the modified algorithm.
4. Red blood cell modeling
A spring network model is applied to RBC membrane parti-
cles to express the elastic behavior of deformable RBCs [19,20].
The membrane particles are connected with the neighboring
membrane particles by a set of springs for stretch/compression
and also bending. On the basis of the principle of virtual work,
the elastic spring force acting on a membrane particle is ob-
tained as:
Fi = − ∂E
∂ri
, (19)
where E is the total elastic energy stored in the RBC membrane
expressed as:
E = El + Eb. (20)
El and Eb are elastic energy stored in a membrane due to
stretching/compressing or bending, respectively. The energy
stored in the membrane, due to a change in length l from its
reference, l0, is expressed as:
El = kI2
N
I=1

lI − l0
l0
2
, (21)
and the bending energy is expressed as:
Eb = kb2
N
I=1
tan2

θI − θ0I
2

. (22)
Figure 1 illustrates the RBCmembranemodeling schematically.
Also, a penalty function for introduction of a real area constraint
is defined [21].
The obtained forces on the membrane are substituted into the
Navier–Stokes equation instead of external forces. The acting
force is transformed to the force per unit mass as acceleration
acting on membrane particles [22]:
Dν
Dt
= − 1
ρ
∇P + υ∇2ν + F
dm
, (23)
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where dm is the mass of related particles. The internal fluid
of the RBC is assumed to be the same as plasma fluid, and in
Poisson equations, the pressure of RBC internal fluid particles
is calculated with plasma particle pressure simultaneously.
Therefore, by choosing small time steps, the FSI condition is
satisfied automatically.
5. Computational model
A two-dimensional simulation model was constructed for
blood flow between parallel plates. The length of flow channel
L and the distance between the plates, D, are 80 and 9 µm,
respectively. A RBC is placed at 10 µm from the inflow of the
channel. Evans and Fung (1972) estimated the shape of human
red blood cells, and an average biconcave shape function was
given as [23]:
z = ±0.5R0

1− R20.5 c0 + c1R2 + c2R4 ,
R2 = X
2 + Y 2
R20
≤ 1,
R0 = 3.91 µm, c0 = 0.2072,
c1 = 2.00256, c2 = −1.1228,
(24)
where R0 is the average cell radius in an axial direction that is
approximately 3.9µm.A two-dimensional RBC shape is derived
by setting Y as zero in Eq. (24).
As a boundary condition, the periodic boundary condition is
given, and various pressure differences between the inlet and
outlet are implemented. Since the entire wall particles and RBC
particles are included in the fluidic model, a non-slip condition
is assumed between the plasma and wall, and between the
plasma and the RBC membrane. The viscosity and density are
0.001mPa s and 1000 kg/m3, respectively. The spring constants
for Kl and Kb are set to be 5 × 10−8 N m and 5 × 10−10 N m,
respectively [21].
6. Results and discussion
6.1. Plasma flow
We examined the proposed MPS method for various
time steps and pressure differences and, finally, the particleFigure 2: Particles configuration at time 0.008 s. (a) Whole model; and (b)
magnified middle part of model.
Figure 3: Velocity profile in cross section of the parallel plates (1P = 120 Pa).
Figure 4: Reduction of calculation time indicated by calculation time factor
expressed in Eq. (25); K is number of time steps for update matrices and
neighboring list.
configuration at t = 0.008 s and initial resolution about 0.3µm
is shown in Figure 2 for 1P = 120 Pa pressure. In each case
of simulation, the analytical and numerical velocities are used
to calculate errors at different heights of parallel plates. The
velocity profile and errors in themiddle part of the channel and
near thewalls are calculated and indicated as shown in Figure 3.
As shown in Figure 3, current results are more accurate
than previous studies based on the original MPS method [19].
The velocities near the walls are important to satisfy the non-
slip condition. The error of velocity near the walls is about
0.093, which is a significant improvement. This error was not
considered in previous studies, which can highly affect the non-
slip condition [19]. In theMPSmethod, it is necessary to choose
smaller time steps in order to havemore accurate results. It is all
due to the benefit of the new proposed algorithm that permits
the simulator to choose smaller time steps.
In order to evaluate the proposed method for various values
of K , a number of time steps to update the variables that
are strongly dependent on particle position, a similar model
and variables are implemented for different K numbers. The
results of reduced simulation time and error of the velocity are
indicated in Figures 4 and 5, respectively.
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of time steps for update matrices and neighboring list.
Figure 6: RBC shape at end of micro-channel.
The Calculation Time Factor shows the amount of increased
processing speed that is expressed as:
CTF = Traditional Calculation time (K = 1)
Current Method Calculation time (K > 1)
. (25)
According to Figures 4 and 5, results confirm the proposed
method, i.e. it is possible to optimize the simulation duration
without any noticeable changes in the velocity of fluid flow.
Although the time duration of the simulation is decreased
more than 20 times, there is a limitation for this improvement.
Considering the computation procedure at every time step and
themaximumvelocity of particles, the reduced calculation time
is restricted by the calculation time at those time steps wherein
the mentioned matrices and variables are not updated.
6.2. Motion of RBC
The motion of a single RBC is simulated, in order to evaluate
the proposed method in cases of FSI and RBC deformation.
A same parallel plate fluid model like the previous section is
chosen and the pressure difference is chosen as 120 Pa to have
a similar situation and Reynolds number to previous studies
[19,21]. RBC behavior and shape deformation at the end of the
micro-channel are shown in Figure 6.
For evaluation of RBC deformation, the deformation index is
expressed as:
ε =
h− h0h0
 , (26)Figure 7: Variation of deformation index vs. time.
where h is described as the diameter of RBC. For a single RBC
in parallel plates plasma flow, the Hct (Hematocrit of blood)
value is less than 0.1 and, therefore, the deformation index
must be about 0.15 when the Reynolds number is 0.1 [6,21].
Figure 7 indicates the variation in the deformation index versus
simulation time.
The result agrees with previous studies on RBC deformation
simulated with the standard MPS method and also observed in
in vitro experiments [5,7,21].
7. Conclusions
A new semi-implicit algorithm for the MPS method is de-
veloped in order to reduce the simulation time without notice-
able changes in the accuracy of the results. According to theMPS
method, somematrices and variables are strongly related to the
particle positions.When the particle displacements are not con-
siderable, the variation of the Laplacian matrix operator, parti-
cle weightmatrix and neighboring list are negligible. Therefore,
upgrading these matrices at every time step is not required. It
is observed that implementing this new algorithm reduces the
time span of simulation drastically by 90%while the accuracy of
the results is as fine as in the original MPS method. Considering
thatmassive particlemodels involve long time simulations, this
new technique would enhance processing duration with a lim-
ited effect on accuracy. Due to the sensitivity of theMPSmethod
to the geometry of model, in cases of complex geometry and
fluid–solid interaction, the new algorithm can assist the mod-
eler to use smaller time steps for higher precision.
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